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ABSTRACT 
Let M be a triangulation of the 2-sphere, with k vertices. Let P(M, n) be its 
chromatic polynomial with respect to vertex-colorings. Then 
]P(M, 1 + ~-)[ < ~.5-k, 
where ~- is the "golden ratio" (1 + v'5)/2. 
This result is offered as a theoretical explanation of the empirical observation 
that P(M, n) tends to have a zero near n = 1 + z (see [1 ]). 
I. CHROMATIC ]~OLYNOMIALS OF GRAPHS 
The graphs considered in this paper are finite and loopless. They may, 
however, have multiple edges. 
We denote the numbers of vertices and edges of a graph G by %(G) 
and o~l(G), respectively. We also write c~(G) for the sum of these two 
numbers. 
Let A be an edge, with ends x and y, in a graph G. We write Ga' for the 
graph obtained from G by deleting A, but retaining its ends x and y. I fA  is 
the only edge of G with ends x and y we write G~ for the graph obtained 
from Ga' by identifying x and y. We say that G~ is obtained from G by 
contracting A. 
I f  G is a graph and n is a positive integer we write P(G, n) for the number 
of ways of coloring the vertices of G with n given colors so that no edge has 
both its ends of the same color. In such a coloring not all the n colors need 
be used. A permutation of the n colors that affects the colors actually used 
is considered to give a new coloring of the graph. 
From this definition of P(G, n) it is easy to derive the following theorems: 
(1.1) I f  G has k ~ 0 vertices but no edges, then 
P(G, n) = n ~. 
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(1.2) I f  G is a complete k-graph, where k > 0, then 
P(G, n) = n(n -- 1)(n --  2) -.. (n -- k + 1). 
(1.3) I f  G has two edges with the same pair of ends then the deletion of 
one of them does not affect the value of P(G, n). 
By a natural extension of the results of 1.1 and 1.2 we define P(G, n) 
to be 1 when G is a null graph. It is convenient to refer to a null graph as 
a complete O-graph. We use these conventions in the next theorem. 
(1.4) Let G be the union of two subgraphs H and K whose intersection is
is a complete k-graph (k ~ 0). Then 
P(G, n) P(H c~ K, n) = P(H, n) P(K, n). 
(1.5) Let A be an edge of G, and let there be no other edge of G joining the 
two ends of A. Then 
P(G, n) = P(Ga', n) -- P(G~, n). 
(1.6) Let v be a vertex of G, and let it be joined by an edge to every other 
vertex of G. Then if G~ is the graph obtained from G by deleting v and its 
incident edges we have 
P(G, n) -~ nP(G~, n -- 1). 
We now make use of these theorems to determine P(G, n) in some simple 
cases. 
Let T~ be a tree with exactly k edges. Then by 1.2 and repeated appli- 
cation of 1.4 we have 
(1.7) P(Tk, n) : n(n --  1)L 
Let C~ denote a circuit of k edges, where k ~ 2. Then 
P(C2, n) = n(n -- 1), 
by 1.2 and 1.3. Moreover for k > 2 we have 
P(Ck, n) -~- n(n -- 1) k-1 --  P(Ck_I, n), 
by 1.5 and 1.7. Hence by a simple induction we have 
(1.8) P(C~, n) = (n -- 1) ~ -k (--1)k(n --  1). 
Let W~, where k ~ 2, be a wheel of k spokes. This means that W~ is 
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obtained from a circuit Ck of k edges by adjoining a new vertex v, called 
the hub, and then joining v to the k vertices of Ck by k new edges called 
spokes. By 1.6 and 1.8 we have 
(1.9) p(w~,  n) = n{(n - 2)~ + ( -1 )~(n  - 2)). 
It is known that P(G, n) is a polynomial in n, for each G, and that its 
degree is equal to the number of vertices of G. This result is easily proved 
by induction, using 1.1, 1.3, and 1.5. P(G, n) is known as the chromatic 
polynomial of G. As a polynomial it has a value not only when n is a 
positive integer but when n is any real or complex number. 
2. A NON-INTEGRAL VALUE OF n 
Let T denote the golden ratio. Thus 
~-~ = ~-+ 1, (1) 
~- = (1 -+- ~/5)/2 
= 1.61803398874989484820---. (2) 
In this section we put n = 1 + T. Thus 
n= ~2, n - -  1 = ~, n - -2= ~.-1, (3) 
by (1). Applying this result to 1.4 we obtain the following rule. 
(2.1) Let G be the union of two subgraphs H and K whose intersection is a 
complete k-graph, where k = 0, t, 2 or 3. Then 
P(G, 1 + ~-) = r-~ 1 q- z) P(K, 1 + ~), 
where 0 : 0, 2, 3 or 2, respectively. 
I f  v is a vertex of  a graph G we write G~ for the graph obtained from G 
by deleting the vertex v and its incident edges. 
We say that G is wheel-like at a vertex v if there is a circuit C of G 
satisfying the following conditions: 
(i) v is not a vertex of  C. 
(it) Each vertex of C is joined to v by at least one edge of  G. 
(iii) No edge of G joins v to a vertex not belonging to C. 
Under these conditions we say that the circuit C encloses v. 
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We proceed to prove a theorem equivalent to one stated without proof 
in [1]. 
(2.2) Let a vertex v of a planar graph G be enclosed by a circuit C of m 
vertices. Then 
P(G, 1 + .) = (--1) ~ rt-~P(G.,  1 + ~-). 
Proof. The theorem is trivially true when a(G) = 0, since then no 
vertex v or circuit C can exist. Assume as an inductive hypothesis that it is 
true whenever ~(G) is less than some positive integer q, and consider the 
case ~(G) ---- q. 
Suppose first that there is a vertex  of G that is distinct from v and does 
not belong to C. 
It may happen that x is incident with no edges of G. In this case we 
write H for the edgeless graph defined by the vertex x, and K for the 
graph G~. Clearly K is planar, and v is still enclosed by the circuit C in K. 
Moreover G~ is the union of H and K~. We thus have 
P(G, 1 + ~-) = P(H, 1 + ~) P(K, 1 + ~-), by 2.1, 
= (--1) m TI-~"P(H, 1 + "r) P(K, ,  1 + r), 
by the inductive hypothesis, 
= (--1) m -rI-mP(G~, 1 + r), by 2.1. 
Another possibility is that x is joined to another vertex y, necessarily 
not v, by two distinct edges A and B. Let H be the grpah obtained from G 
by deleting B. Then H~ is obtained from G~ by deleting B, and in neither 
case does the deletion affect he chromatic polynomial, by 1.3. But v is still 
enclosed by the circuit C in H, and the theorem is true for H by the 
inductive hypothesis. Hence the theorem is true also for G. 
In the remaining case x is joined to another vertex y =/= v by exactly 
one edge A. We consider the graphs GA' and G] .  They are planar, for the 
property of planarity is invariant with respect to deletions and contractions 
of edges. We note that 
(4) 
It is also clear that 
(C&'  = (CA'L,  (OZ, = (5) 
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Moreover v is enclosed by the circuit C in each of the graphs Ga' and G] .  
Accordingly 
P(G, 1 + r) = P(Ga' , 1 + ~-) -- P(G~, 1 + .c), 
by 1.5, 
- -  p U -- (--1) ~ ~a-m(P((G.)A' , 1 + r) -- ((G~)~ 1 + -r)}, 
by (4), (5), and the inductive hypothesis, 
= (--1) ~ rt-mp(Gv, 1 + r), by 1.5. 
We may now assume that G has no vertices other than v and the vertices 
of C. Let the vertices of C be enumerated as vl, v2 ..... vm in their cyclic 
order in C. CIearly m >/2. 
Suppose first that there is an edge -4 of G whose ends are non-consecutive 
vertices of C. We may write them as v 1 and v~., where 2 < j < m. There are 
edges A1 and Aj of G joining v to vl and v i , respectively. We consider the 
complete 3-graph T defined by the edges A, A~, and At. Since G is planar 
it is the union of two proper subgraphs H and K whose intersection is the 
circuit T. Since G is wheel-like at v we may assume H to include v2 but 
not vj+ 1 , and K to include v~.+x but not v~. We have 
a(H), a(K) < a(G). (6) 
We observe that v is enclosed in / - /by  a circuit o f j  edges, and in K by a 
circuit of m - - j  + 2 edges. Moreover G~ is the union of H~ and K~, 
two subgraphs whose intersection is a complete 2-graph with edge A. 
Hence 
P(G, 1 + "r) = "r-2p(g, 1 + "r) P(K, 1 -k -r), by 2.1, 
• {(-1) m-j+~ ,-~-m+~e(x~, 1 + ~)}, 
by (6) and the inductive hypothesis. Thus 
P(G, 1 + T) = (--1) m "r-2-mp(H. , 1 + z)P(K~,  1 + r) 
-~ (--1) ~ 'rl-mp(Gv, 1 + 7), by 2.1. 
In the remaining case G is equivalent to a wheel of m spokes and C to 
a circuit ofm edges, by 1.3. Then 
P(G, 1 + ~-) = ~2{.-~ + (_  1)m ~.-1}, 
by 1.9 and (3), 
= (-- 1) '~ rx-m{r ~ + (-- 1) '~ z} 
= (--1) ~ "r~-~P(G~, 1 + r), by 1.8. 
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We have now shown that, if the theorem holds when ~(G) < q, it holds 
also for ~(G) = q. Since it is trivially true when ~(G) = 1 it follows in 
general by induction. 
3. MAPS 
Let a graph G be realized in the 2-sphere or closed plane so as to dissect 
the surface into simply connected regions each bounded by a circuit of G. 
These regions are the faces of a plane map M of which G is the 1-section. 
A face is called an m-gon if its bounding circuit has exactly m edges. 
Evidently each face is at least a 2-gon. 
The edges and vertices of G are called also the edges and vertices of M, 
respectively. An edge or vertex is incident with a face F if it belongs to the 
bounding circuit of that face. The chromatic polynomial P(G, n) of G is 
called also the chromatic polynomial of M, and may accordingly be 
written as P(M, n). 
The map M is called a triangulation of the 2-sphere or closed plane, 
or a planar triangulation, if its faces are all triangles, that is, 3-gons. The 
class of all planar triangulations with exactly k vertices will be denoted 
by Z(k). We write Z(k, rn), where m is a positive integer, for the class of 
all plane maps ofk  vertices in which one face is an m-gon and the others are 
all triangles. 
We now state and prove the main theorem of the paper. 
(3.1) l f  M ~ Z(k), then 
I P(M, 1 + r)[ ~ z 5-k. 
l f  M E Z(k, m), where 2 <~ m <~ 5, then 
I P(M, 1 + ~-)[ ~< r3+m-L 
Proof. The theorem is trivially true when c~0(G ) = 0, since Z(0) and 
Z(k, 0) are obviously null. Assume as an inductive hypothesis that it is 
true whenever ~0(G) is less than some positive integer q, and consider the 
case ~o(G) = q. 
Suppose first M ~ Z(q). 
It may happen that the 1-section G of M has a circuit C of two edges. 
Then there are positive integers ql and q2 such that M can be formed from 
a member M1 of Z(ql, 2) and a member M~ of Z(q2,2) by deleting the 
2-gons and identifying their bounding circuits. Evidently ql and qz are 
both less than q and their sum is q -I- 2. Let/-/1 and/ /2 be the 1-sections 
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of 21,/1 and M~, respectively. These two subgraphs of G have G as their 
union and C as their intersection. Thus 
I P(M, 1 + T)[ = T-31 P(M1,1  + T)] } P(M2,1 + ~')1, 
by 1.3 and 2.1, 
T -3  . Tg~ql  . Tg--q2 
by the inductive hypothesis, 
.~_ T5--q.  
We may now suppose G to have no circuit such as C. It is known that a 
planar triangulation must have at least one vertex whose valency is less 
than 6. Let v be such a vertex. 
It may happen that G is a complete 3-graph. Then M has exactly two 
faces, with the same bounding circuit G. In this case 
P(M, 1 q- T) : r ~ : Z 5-q, by 1.2, 
and the theorem is satisfied. 
In the remaining case G is wheel-like at v, and v is enclosed by a circuit 
in G of m edges, where rn is the valency of v in G. By deleting v and its 
incident edges, and fusing the triangles of M incident with v into a single 
new face we derive from M a member M~ of Z(q -- I, m). The 1-section 
of M~ is G~. Then 
[P(M, 1 q- ~)I = "rl-m[P(M,,, 1 + r)l, by 2.2, 
~< zl-,~. ~.3+m-(q-1), by the inductive hypothesis, 
= Tf- -q.  
We have now shown that M satisfies the theorem if it belongs to Z(q). 
Suppose therefore that M ~ Z(q, m), where m = 2, 3, 4, or 5. 
If  m = 2, we can convert M into a planar triangulation N by deleting 
one edge of the 2-gon. The deletion does not alter the chromatic 
polynomial, by 1.3. So, by the result already proved, 
I P(M, 1 q- ~-)1 = {P(N, 1 q- T){ 
T 5-q 
= T3+m--q.  
If rn = 3, then M is a planar triangulation. By the result already proved 
{P(M, 1 + ~-)l ~ ~.5-a < ~-3+m-q. 
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In the remaining case, m = 4 or 5. We can find two non-consecutive 
vertices x and y in the bounding circuit of the m-gon such that no edge of 
G joins x and y. We can add a new edge A joining x and y so as to sub- 
divide the m-gon into a triangle and an (rn --  1)-gon. Let us denote the 
resulting map by N, and its 1-section by J. Instead of adding A we can 
identify x and y and delete one edge incident with a resulting 2-gon. This 
procedure yields a map N1 ~ Z(q --  1, m - -  2). Let us denote the 1-section 
of N1 by H. Then G = Ja', and H has the same chromatic polynomial 
as J~,  by 1.3. Using 1.5 we find that 
[P(M, 1 q- T)[ ~< [.P(N, 1 -k ~')l + I P(NI, 1 + ~')1" 
I f  rn = 4, we have N ~ Z(q) and N1 + (q - -  1, 2). Hence by the inductive 
hypothesis and the results already proved we have 
I P(M, 1 + ~')1 ~< rs-~ + rs-(q-a) 
T7--q 
= T3+~--q 
by (1). 
I f  m=5,  we have N~Z(q,  4) and NI~Z(q- -1) .  Hence by the 
inductive hypothesis and the result of the preceding paragraph we have 
I P(M, 1 + ~')1 ~< z 7-q + T 5 - (q - i )  
T8--q 
_~_ T3+m--q 
by (1). 
This completes the proof that our theorem is valid when s0(G ) = q. The 
theorem follows in general by induction. 
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